Homework 1: Sets and Measures

CRo7: Selected Topics Information Theory (Fall 2019). ENS de Lyon
samir.perlaza@inria.fr — Deadline: September 29, 2019 at 23h59.

1 Basic Operations with Sets

Proving the following statements is trivial. Often, the proof follows from the defini-
tion. Nonetheless, using the fact that A = Bifand only if 4 C Band B C A provides
a formal element of proof.

1. Proof of Theorem 1.6. Let A, B and C be some sets. Prove the following identi-

ties
c AUB=BUAand ANB=BNA (Commutative Property)
« AUBUC = (AUB)UC = AU (BUC) and
ANBNC=(ANB)NC=AN(BNC) (Associative Property)
c (AuB)NC=(ANC)U(BNC)and
(ANB)UC=(AUC)N(BUC) (Distributive Property)
c ANA=AUA=A (Idempotent Property)

2. Proof of Theorem 1.8. Given a non-empty subset A of a universal set O, prove
that a € A implies a ¢ A°.

3. Proof of Theorem 1.9. Given two sets .4 and B of a universal set O, such that
A C B, prove that A° D 5°.

4. Proof of Theorem 1.10. Given two subsets A and B of a universal set O, prove
that
A\ B=AnNB. ®

5. Proof of Theorem 1.15. Let A and B be two sets. Prove that

AUB = (A°NB°)° and (2
ANB = (A°UB). 3



2 Algebraic Structures

I.

2.

Let .% and ¢4 be two o-fields of O. Prove that, . % N ¥ is also a o-field of O.

Let .# and ¢ be two o-fields of O. Provide an example to show that .# U ¥ is
not necessarily a o-field of O.

3 Measures

I.

Proof of Theorem 2.4. Let (A, .#) and (B,%) be two measurable spaces, such
that 4 = o (C), for some set of subsets C. Prove that, a function f : A — Bis
measurable relative to (A, %) and (B,¥) if for all G € C,

G es. (4)

Proof of Theorem 2.5. Consider a measurable function f with respect to (A, &)
and (B,.#). Consider also a measurable function g with respect to (B,.#) and
(C,¥). Prove that the composition f o g is measurable with respect to (A, &)
and (C,9).

. Proof of Theorem 2.11. Let ;2 be a measure on the o-field .%. Prove that

(@ p(0) =0;
b) V(A,B)
(© V(A,B)

€ FLpn(AUB)+u(ANB) = p(A) + u(B);
€ 72, with ACB,u(B)=p(A) +p(B\A).

Proof of Theorem 2.12. Consider a o-field .% on a set O and let 1 be a measure
on .#. Consider also an infinite sequence of subsets A;, Ay, ..., in .#. Prove
that

@ if A, T A, lim p(A,) = u(A); and
) if A, | Aand p(0) < oo, lim pu(A,) = p(A).
Proof of Theorem 2.14. Let f be an arbitrary Borel measurable function on

(O, F). Prove that the functions f* and f~ are both Borel measurable functions
on (O, 7).



4 Radom-Nikodym Derivatives

1. Proof of Theorem 2.20. Given a mesurable space (O,.#) and a non-negative
Borel measurable function f : O — R with respect to (O, .F),letv : % — R,

be

v(A) = /A fdu. 5)

Prove that, v is a measure on (O, %).

2. Proof of Theorem 2.22. Let i and v be two measures on a given measurable
space (O, .7) with v being absolutely continuous with respect to y and ;1 being
o-finite. Prove that

forallz € O, j—ﬁ(m) =1

if f: O — Ry is a non-negative Borel measurable function with respect to
(0, .%), it holds that for all A € .Z#,

[ rav= . fj;du; ®

if A is a o-finite measure on (O, .%), 1 is absolutely continuous with respect
to A, it holds that forallz € O

dv, =~ dv, du

a(x) = @(@a@)? and @

if pu is absolutely continuous with respect to v, and v is o-finite, it holds
that forallz € O

dv, . du
—(x)— = 1.
du () dy(z) ®
3. Proof of Theorem 2.23. Let i be a o-finite measure on (O, %) and vy, 15, ..., 1,
be finite measures on (O, .%) such that for all k € {1,2,...,n}, v is absolutely

continuous with y. Prove that forall x € O,

@) =) ), ©



Moreover, if v isameasure on (O, %) such that forall A € Z,v(A) = lim Y 14(A),
=1
prove that v is absolutely continuous with  and

d
_ ; . dv
lim =

(). (10)



